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Abstract. For any quasi-Fuchsian three-manifold M which contains an incompressible 
closed surface with principal curvatures in the range of ( — 1, 1), we use method of geometric 
evolution equations to obtain closed embedded constant mean curvature surfaces on M, 
and we obtain bounds on these constant mean curvatures in terms of the distances from 
the initial data to the fixed reference surface in M. 



1. Introduction 

Foliations of geometrically interesting hypersurfaces of codimension 1 are important ob- 
jects in the study of differential geometry and mathematical physics. In particular, fibers 
of constant mean curvature hypersurfaces are highly desired. We are particularly interested 
in the situation when the ambient space is three dimensional, and the foliations under the 
consideration of this paper are of closed surfaces: the foliation of evolving surfaces (from a 
given smooth embedded surface) and the foliation of constant mean curvature surfaces (or 
CMC foliation). 

The topic of existence and/or uniqueness of CMC foliation in three-manifolds has been 
extensively studied, and such foliation often reflects the global geometry and topology of 
the ambient space. Even the existence of an incompressible minimal surface can reveal a lot 
of structures on the three-manifold (see for example [Rub07, SY79]). In the settings of 
asymptotically Euclidean space, Huisken-Yau ([HY96J) proved existence of a CMC foliation 
near infinity. The case of asymptotically hyperbolic manifolds was investigated in the works 
of Rigger (|Rig04]), and Neves-Tian ( |NT06|, INTOTj ). and more recently Mazzeo-Pacard 
([MP07J) where they showed the existence and uniqueness of a CMC foliation in the ends 
of any geometrically finite quasi-Fuchsian three-manifold. In [Wan08], the second named 
author constructed a quasi-Fuchsian manifold which does not admit any CMC foliation. 

Throughout this paper, we assume M is a quasi-Fuchsian hyperbolic three-manifold, and 
our convention of mean curvature is the trace of the second fundamental form, i.e., sum of 
two principal curvatures. Topologically, it is a product of a closed surface by the real line, 
i.e., M = S X R, where we always assume S is a closed Riemann surface of genus g > 2. We 
call such a closed surface incompressible in M if the surface represents the homotopy group 
of M. We also exclude the situation when M is Fuchisian, in which case, most theorems 
here are trivial. All surfaces we encounter here will be closed, incompressible, of genus at 
least 2, unless otherwise stated. 
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For quasi-Fuchsian three-manifolds, we import a convenient notion introduced by Krasnov 
and Schlenker ( [KS07| ). the almost Fuchsian three-manifolds, i.e., the manifold M which 
contains a minimal surface whose principal curvatures are in the range of (—1,1). The 
almost Fuchsian manifolds form a very special class of quasi-Fuchsian manifolds QTau04j), 
and the dimension of the almost Fuchsian manifolds are of the same as the quasi-Fuchsian 
space QUhl83]). Schoen-Yau ( |SY79j ) and Sacks-Uhlenbeck ([SU82J) showed the existence 
of an immersed minimal surface in any quasi-Fuchsian three-manifold M, and Uhlenbeck 
([Uhl83j) showed this minimal surface (in the convex core of M) is the unique embedded 
minimal surface in M when M is almost Fuchsian. 

We wish to consider a larger class of hyperbolic three-manifolds and obtain geometrical 
information from volume preserving mean curvature flows in M. 

Definition 1.1. A closed surface S is called to have small curvatures if its principal 
curvatures are in the range of (—1,1), and a quasi-Fuchsian three-manifold M nearly 
almost Fuchsian if it contains an incompressible surface of small curvatures. 

Almost minimal surfaces are very special in low dimensional topology ( |Rub0 5]). It is 
conjectured by Thurston that every complete hyperbolic three-manifold of finite volume 
has immersed incompressible surface of small curvatures. In M, parallel surfaces defined by 
equidistant from a given reference surface of small curvatures contains no singularity. This 
simple fact is of great importance to our work. 

The volume preserving mean curvature flow equation generally has the following form: 



terms will be made transparent in §2.3. 

Theorem 1.2. If M is nearly almost Fuchsian, i.e., M contains an incompressible surface 
S with principal curvatures in the range (—1,1), and {5(r)} re ]g is the equidistant foliation 
with S{r) hyperbolic distance r from the reference surface S = S(0) . Then 

(i) each volume preserving mean curvature flow equation (jl.ip with initial surface Sq = 
S(r) has a long time solution; 

(ii) the evolving surfaces {St}t£R stay smooth and remain as graphs of S for all time; 

(iii) For every sequence {U} — > oo, there is a subsequence {t'j} — > oo such that the 
surfaces {S t i_} converges uniformly in C°° to a smooth embedded surface Soo of 
constant mean curvature c(r); 

(iv) These constants satisfy — 2| tanh(r — j3)\ < c(r) < 2| tanh(r + /3)|, for some constant 
(3 only depending on the reference surface S. 

It is understandably different in hyperbolic geometry whether an immersed closed CMC 
surface has mean curvature between —2 and 2 or otherwise. In particular, part (iv) improves 
the inequality |c| < 2 for these constant mean curvature surface in a nearly almost Fuchsian 



(1.1) 




where h(t) 



fs t Hd ^ 
\3t\ 



is the average mean curvature of the evolving surface St, and all other 
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manifold M. Moreover, we showed that, for each prescribed constant c G (—2,2), there is 
an embedded incompressible surface of constant mean curvature c ([HW10J). 

We prove our theorems via techniques in volume preserving mean curvature flow devel- 
oped by Huisken ([Hui86, Hui87bi). Intuitively, such a flow "averages" the mean curvature 
function on a surface, and obtain a limiting surface of constant mean curvature. This tech- 
nique has been developed into a powerful tool in understanding surfaces in Riemannian 
and semi- Riemannian manifolds (see, for example, [ Hui87al IHY96L IAnd02|, ICRM07] . 
and many others). The evolution under the mean curvature flow of the graphs in hyper- 
bolic space behaves quite well, under mild conditions on the initial data. See, for example, 
[EH89LlUnt03] , 

Here is a (very) simplified version of the proof of the main Theorem: starting with 
an arbitrary incompressible surface S in M, we "shift" S = S(0) to obtain a family of 
smooth surfaces S(r) by the means of equidistant from the initial surface S(0); the principal 
curvatures of this equidistant surfaces can be controlled explicitly (see §2.2); on each fiber 
of S(r), apply volume preserving mean curvature flow to obtain a limiting CMC surface. 

Our use of the volume preserving mean curvature flow is quite different than what we 
have also considered QHW09i IHWIOj ) by using the usual mean curvature flow: here we 
utilize a parameter family of volume preserving mean curvature flows to obtain surfaces of 
constant mean curvature simultaneously. We will address the issue of disjointness of these 
limiting surface in a separate paper. 

Acknowledgements: This paper is a project extending parts of the doctoral thesis of the 
second named author ( [Wan09] ). He wishes to thank his thesis advisor Bill Thurston for 
continuous encouragement and generously sharing many key insights. The research of the 
first named author is partially supported by a PSC-CUNY grant. We also thank Xiaodong 
Cao, Ren Guo and Zhou Zhang for many stimulating discussions. Both authors are most 
grateful to anonymous referees to an earlier version of the paper, for their very helpful 
comments and suggestions. 



2. Background 

2.1. Quasi-Fuchsian Three Manifolds. A hyperbolic three-manifold M is a complete 
Riemannian manifold of constant curvature —1, and we assume M has no boundary. Its 
universal covering space is H 3 , whose isometry group is given by PSL(2,C). A subgroup of 
PSL(2, C), denoted by T, is called a Kleinian group if it is a finitely generated and torsion 
free discrete subgroup. T is associated to M if M = H 3 /T, with tt\{M) = F. In this paper, 
we always assume that T is parabolic free, i.e., it does not contain any parabolic element. 

The limit set of T, denoted by Ap C C = C U {oo}, is the smallest closed T-invariant 
subset of C. The open set ft? = C \ Ap is called the domain of discontinuity. F acts 
properly discontinuously on Q, and the quotient Q/F are finite union of Riemann surfaces 
of the finite type. 

For any Kleinian group F, it is called quasi- Fuchsian if its limit set A lies in a Jordan 
curve. In this case, M is called a quasi-Fuchsian three-manifold. The convex hull of the 
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limit set A, denoted by Hull(A), is the smallest convex subset in H 3 whose closure in H 3 UC 
contains A. The quotient space C(M) = Hull(A)/r is called the convex core of M. 

Topologically, M = S x I. Every quasi-Fuchsian three-manifold can be constructed 
via Bers' simultaneous uniformization theorem ([Ber72]), with a pair of Riemann surfaces 
in Teichmuller space as the conformal boundaries. The correspondence between Kleinian 
groups and low dimensional topology is extremely rich and complex, where one can find 
many references in articles such as [Mar74|, IThu 82], 

We are interested in using minimal surfaces as parameters for the quasi-Fuchsian space. 
Fundamental results in harmonic maps of [SU82L ISY79] can be applied to various hy- 
perbolic manifolds, in particular, quasi-Fuchsian three-manifolds. Dimension three is very 
special, since the branch points never occur in this case f [GuT7 3]). They showed there 
exists an immersed area minimizing incompressible surface S in M. If the principal cur- 
vatures of the minimal surface are small in the sense of Definition 1.1, then this minimal 
surface is unique, and it is an embedded incompressible surface in M ( |Uhl83j ). Further 
understanding of immersed minimal surfaces and constant mean curvature surfaces can also 
be found in |And82|, IAnd83| via approaches of geometric measure theory. 

2.2. Geometry of Surfaces in Three Manifolds. In this subsection, we construct a 
family of parallel surfaces from an incompressible surface S of small curvatures in (M,g a p), 
and collect necessary facts about this family, similar to the construction of Uhlenbeck's 
equidistant foliation ([Uhl83]) on an almost Fuchsian three-manifold. 

Let S be an incompressible surface on the nearly almost Fuchsian manifold (M,g a p). 
The curvature tensor of M is given by 

and the induced metric on S is then gij(x) = e 2v ( x '5ij, where v(x) is a smooth function on 
S, and of the second fundamental form A{x) = \hij\2x21 here hij is given by, for 1 < i,j < 2, 

hij = (V ei u,ej) = -(V u ei,ej) , 

where {ei, is a basis on S, and v is the unit normal field on S, and V is the Levi-Civita 
connection of (M,g a p). 

Let Ai(x) and A2(x) be the eigenvalues of the second fundamental form A{x) of S. We 
have |Aj(x)| < 1, for j = 1,2. They are the principal curvatures of S, and we denote 
H(x) = Ai(x) + \%(x) as the mean curvature function of S. We can construct a normal 
coordinate system in a collar neighborhood of S. More precisely, suppose x = (x^x 2 ) 
is a coordinate system on S, and choose e > to be sufficiently small, then the (local) 
diffeomorphism 

S x (-£,£) ->• M 
(x ,x ,r) I—?- exp x (r^) 

induces a coordinate patch in M. Let S{r) be the family of parallel surfaces with respect 
to S, i.e. 

S(r) = {exp a .(r^) | x G S} , re {—£,£) ■ 
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The induced metric on S(r) is denoted by g(x,r) = gij(x,r), and the second fundamental 
form is denoted by A(x,r) = [fHj(x,r)]i<ij<2- The mean curvature on S(r) is thus given 
by H(x,r) = g lj (x,r)hij(x,r). 

The curvature tensor R a p^s of (M,g a p) has six components, which are not completely in- 
dependent because of Bianchi identities. In the collar neighborhood of S, these components 
can be classified into three groups: 

(i) there are three curvature equations of the form = — g%j, here 1 < i, j ' < 2, 

(ii) two of remaining curvature equations have the form Rijk3 = 0, which are called the 
Codazzi equations, and 

(hi) the Gauss equation -R1212 = — 511522 + 9\2 ■ 
This enables us to solve for g(x, r) explicit, and the solution is essentially due to Uhlenbeck 
([Uhl83 ), though S is a minimal surface in her case. We collect this into the following: 

Lemma 2.1. Let the isothermal metric on S be given by e 2 *"!, where v(x) is a smooth 
function on S and I is the 2x2 unit matrix, and let A(x) = \hij{x)\\<i t j<2 be the second 
fundamental form of S with respect to the isothermal metric, then the induced metric g(x,r) 
on S(r) has the form 

(2.1) g(x, r) = e 2v ^ [cosh(r)I + sinh(r) e - 2 ^ A(x)] 2 , 

where r £ (— e, e). 

Proof. At each point (x,r) G S(r), direct computation shows that the curvature equations 
Ri3j3 = ~9ij nas an explicit form 

_l&9ii + ld9u lkd£ik = 1 < i 7 < 2 . 

2 dr 2 A dr dr 
Therefore we obtain a first order system of differential equations 

Iq + hW-q, i<z,j<2, 

with the initial data h l Ax, 0) = e~ 2v( - x ^hij(x), for each x G S, where h % - = g tk hkj- Then we 
find 

g -i ^ = [coshrl + s\nre~ 2v ^h{x)]- 1 
or 

x 2[sinhrl + coshre~ 2v ^ h(x)] . 

Since g(x, 0) = e 2 ""!, we obtain the explicit solution as in f)2. 1 1) . □ 

A direct consequence is the following: 

Corollary 2.2. The induced metric on S(r) is non-singular for small e such that r G 
(— e, e). When the initial surface S has small curvatures, then g(x, r) contains no singularity 
for all r G (—00, +00) . 

It is clear that these parallel surfaces {S'(r)} rg R form a foliation of incompressible surfaces 
of M, and this foliation is called the equidistant foliation or the normal flow of M. The 
formula (|2.ip also makes it possible to calculate various curvatures on each fiber S(r), which 
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we will proceed in what follows. These quantities are very crucial to our estimates of the 
mean curvatures of the CMC surfaces in M. 

The following lemma is the well-known Hopf's maximum principle for tangential hyper- 
surfaces which is a powerful tool in Riemannian geometry: 

Lemma 2.3. Let Si and £2 be two hypersurfaces in a Riemannian manifold, and intersect 
at a common point tangentially. If £2 lies in positive side of Si around the common point, 
then H\ < H2, where Hi is the mean curvature of £j at the common point for i = 1,2. 

2.3. Volume Preserving Mean Curvature Flow. Our methods of proving main the- 
orems involve geometric evolution equations, in particular, the volume preserving mean 
curvature flow developed by Huisken and others. We briefly review our particular set up in 
this subsection. 

As before, we assume M is nearly almost Fuchsian and contains an incompressible surface 
S whose principal curvatures are denoted by X±(x) and A2(x). S is of small curvatures. Let 
Fq : S — > M be the immersion of S in M such that the initial surface So = Fo(S) is contained 
in the positive side of S and is a graph over S with respect to n, i.e. (n, v) > c\> 0, here n 
is the normal vector on S and v is the normal vector on So and c\ is a constant depending 
only on Sq. For each r G R, we choose an initial surface Sq = S(r) to obtain a family of 
smoothly immersed surfaces in M: 

F r :Sx[0,T)^M, < T < 00 

with F r (-,0) = F r . 

For each t 6 [0, T), we write SJ = {F r (x, t) G M \ x £ S} as the evolving surface at time 
t with initial surface Sq. Whenever there is little confusion, we will remove the upper index 
r from the notation to ease the exposition. 

Abusing some notations, we define some quantities and operators on the evolving surface 

S t : 

• the induced metric of St', g = {gij}', 

• the second fundamental form of St'. A = {hij}; 

• the mean curvature of St with respect to the normal pointing to S: H = g^hij; 

• the square norm of the second fundamental form of St'. 

\A\ 2 =g^g kl h tk h jl ; 

• the covariant derivative of St is denoted by V and the Laplacian on St is given by 
A = g lj V t Vj. 

We add a bar on top for each quantity or operator with respect to (M,g a p). 
We consider the family of volume preserving mean curvature flows: 

(2.2) — F r (x,t) = (h r (t) - H r (x,t))u r (x,t) , r £l,(i,t) G Sx [0,T) , 

ot 

with F r (-,0) = F r , where 

h r (t) = j±rJ sr H r (x,t)dv 
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is the average mean curvature of S%, and i/ r (-,t) is the normal on so that — v T points to 
the fixed reference surface S. 

One easily verifies that the volume of the region bounded by the reference surface S and 
the evolving surfaces S% is independent of t. Huisken proved the short-time existence of the 
solutions to the equation (jl.ip . and moreover, the blow-up of the square norm of the second 
fundamental forms if the singularity occurs in finite time. 

Theorem 2.4 ([Hui87b]). If the initial surface So is smooth, then the equation (II. li has 
a smooth solution on some maximal open time interval < t < T, where < T < oo. If 
T < oo, then 

\A\ max (t) = max\A\(x,t) -> oo, 

ast^T. 

Our major goal, in next section, is to show the long-time existence of the solutions to 
the equation (II. ip in the case of M being an almost Fuchsian three-manifold. From above 
theorem, an essential strategy is to obtain uniform bounds for the second fundamental form 
of the evolving surfaces. 

3. Proofs of Theorems 

3.1. Foliation of Equidistant Surfaces. We will proceed by foliating the nearly almost 
Fuchsian three-manifold M by an equidistant foliation {S(r)} re R, consisting of surfaces 
equidistant from the surface S = S(0): 

Theorem 3.1. M admits two foliations which can be described as: 

(i) a co-dimension two totally geodesic foliation Q such that each leaf is a bi-infinite 
geodesic perpendicular to S; 

(ii) a co- dimension one foliation T including S as a leaf, such that each leaf S(r) is a 
parallel surface which has small curvatures. 

Proof. We import our notation from §2.2: The isothermal metric on S is given bye 2 ^!, and 
A(x) = [hij(x)]i<ij<2 is the second fundamental form of S, defined by hij = —(V v &i,ej), 
where {ex, e^ is the basis on S, and v is the normal vector field on S. By (|2.ip . the induced 
metric on S(r) is 

g(x,r) = e 2v{x) [coshrI + smhre~ 2v(x) A{x)} 2 . 
Since we have Ai, A2 G (—1, 1), then an elementary calculation shows that 
1 + (Ai + A 2 )tanhr + AiA 2 tanh 2 (r) > , Mr G R . 

Thus J- = {S{r) I r G M} is the co-dimension one foliation of M. 

For each x 6 S, the map 7^ : R — > M defined by r 1— )■ exp^. rv{x) is a bi-infinite geodesic 
in M, and Q = {^ X {K) \ x G S} is the codimension two totally geodesic foliation. 

The second fundamental form A(x,r) = [hij(x,r)\ of S(r) with respect to the induced 
metric g(x,r) is 

A(x, r) = e 2v{x) [cosh(r)I + smh(r)e- 2v( - x) A(x)} 

(3-1) 

x [sinh(r)I + cosh(r)e {x 'A(x)} . 



8 ZHENG HUANG AND BIAO WANG 

We denote the principal curvatures of S(r) by ni(x,r) and /x 2 (x,r) as before. They are the 
solutions of the equation det[hij — [xg%j\ = 0, which is equivalent to the following character- 
istic equation: 

det [(tanh(r)I + e~ 2v{x) A(x)) - //(I + tanh(r) e - 2 ^A(x))] = . 

It is easy to see that Tr(e~ 2v A) = Ai + A2 and det[e _2, M] = A1A2, and the characteristic 
equation has the following form 

tanh(r) " MV + ( t^P:^ ) (A: + A 2 ) + A X A 2 = , 



1 — /i tanh(r) / \1 — ^tanh(r 
whose solutions are 

tanh r + A,- (x) . „ „ 

3.2) N (x,r)= ., 3 \ J , J = 1,2. 

1 + Aj{x) tanhr 

Since |Aj| < 1, then \fJ,j(-, r)\ < 1 for all r G (—00,00), j = 1,2. Each S(r) has small 
curvatures in the sense of Definition 1.1. □ 

Now we have the equidistant foliation {5 , (r)} re K on M, with 5(0) = S, and with principal 
curvatures fj,j(x,r) expressed as in formula (|3.2|) . It is then routine to verify: 

Proposition 3.2. (i) The principal curvature of S{r) is given by 

= 2(1 + AiA 2 ) tanh(r) + (Ai + A 2 )(l + tanh 2 (r)) 
1 + (Ai + A 2 )tanh(r) + AiA 2 )tanh 2 (r) 

and the average mean curvature of S(r) is given by 

2(1 + k q ) tanh(r) + h (l + tanh 2 (r)) 



1 + ho tanh(r) + kq tanh (r) 
here ho is the average mean curvature of S and kq is the average exterior curvature 

k = r— r / AiA 2 (i/i . 



(3.4) /,(>'(,-)) 

here ho i. 
of S, i.e. 

Kr, = 

\s\, 

(ii) Moreover, the principal curvatures fj,j(x,r) and mean curvatures H(x,r) for the 
fiber S(r) satisfy the following: 

(a) For fixed x £ S, fij(x,r) is an increasing function ofr. Moreover, fj,j(-,r) — > 
±1 as r — > ±00; 

(b) For fixed x £ S, H(x,r) is an increasing function ofr. Moreover, H(-,r) — > ±2 
as r — > ±00. 

We also note that, among the fibers S(r), there is one fiber of the least area with the 
induced metric: 

Proposition 3.3. Among all parallel surfaces, the one with average mean curvature zero 
is the one of the least surface area. 
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Proof. Without of lost of generality, we assume that the average mean curvature of S(0) is 
zero. The area element dfi(r) of S(r) is 

dfi(r) = (cosh 2 (r) + (Ai + A2) sinh(r) cosh(r) + A1A2 sinh 2 (r)) dfi , 

here d\i is the area element of the surface S. Therefore the area of S(r) is 

\S(r)\ = / (cosh 2 (r) + (Ai + A2) sinhr cosh(r) + A1A2 sinh 2 (r)) d\i 
Js 

= / (cosh 2 (r) + A1A2 sinh 2 (r)) d\x . 
Js 

We calculate the r-derivative of \S(r)\ to find 

d f 
— \S(r)\ = 2(sinh(r)cosh(r)) / (1 + AiA 2 ) dfj, . 
« r Js 

Since 1 + AiA 2 > 0, the area (S^r)! is an increasing function when r > 0, while a decreasing 
function when r < 0. □ 

It is a simple application of the maximum principle (Lemma 2.3) and {S , (r)} rG R being 
the equidistant foliation of M with all parallel surfaces have small curvatures, that any 
CMC surface of M with mean curvature c satisfies that |c| < 2. 

3.2. Bounding evolving surfaces. We fix r > for the fiber S(r) for now, let Fq : S — > M 
be a smooth embedding such that Fq(S) = S(r), and let F r : S x [0, T) — >• M be a family 
of smooth surfaces. Recall from §2.3 the volume preserving mean curvature flow equation 
is 

^ F r (x, t) = [h r (t) - H r (x, t)y(x, t) , x£S , 0<t<T , 
F r (-,0)=FS, 

where v r (-,t) is the normal vector on the surfaces St(r) = F r (■,t)(S), h r (t) is the average 
mean curvature of Sf(r). Under the flow we can find evolution equations for many geometri- 
cal quantities on St(r) such as the metric gij(-,t), the second fundamental form hij(-,t), the 
normal vector field u(-,t), the mean curvature H(-,t) and the squared norm |^4(-,t)| 2 , etc. 
In what follows we removed up-index r in the formulas for convenience. We list two such 
evolution equations, which will be standard to use to prove results using mean curvature 
flows. 

Lemma 3.4 ([Hui86]). The evolution equations for H and |A| 2 are of the forms 

(3.5) ^H = AH + (H-h)(\A\ 2 -2) 
and 

(3.6) Am| 2 = AMI 2 - 2\VA\ 2 + 2\A\ 4 + 4(\A\ 2 - H 2 ) - 2/iTrM 3 ) + 2hH, 
ot 

where A and V are the Lapalcian and the gradient operators on evolving surface St, respec- 
tively. 
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Let £(p) = ±dist(p, S) for all p G M, where ±dist(-,-) means if p is above S then we 
choose + sign, otherwise — sign: this is a signed distance function. Then we define the 
height function u(-,t) and the gradient function 0(-,i) on St'. 

(3.7) u(x,t) = £(F(x,t)) 

(3.8) 0(x,t) = (u(x,t),n) , 

for all (x,t) £ Sx [0, T max ). Here T max is the right endpoint of the maximal time interval 
on which the solution to (jl.ip exists. It is easy to see that the surface St is a graph over S 
if G(-,i) > on S t . 

The evolution equations for u and have the following forms ([Bar84, EH91J): 

fin i 

(3.9) — = (h - H)Q = Au- div(W) + he, 
at 



(3.10) — = AG + {\A\ 2 - 2)9 + n{H) + (h - H)(V„n, u), 
at 

where V is the gradient operator with respect to the hyperbolic metric, div is the divergence 
on St, and n(H) is the variation of mean curvature function of St under the deformation 
vector field n. 

Now we assume that T max < oo. We need the following rough estimate for the height 
function: 

Lemma 3.5. If Q(-,t) > ; then the height function u(-,t) for the evolving surface St is 
uniformly bounded for t £ [0, T max ). 

The condition Q(-,t) > will be removed since it's proven to hold in the proof of Theorem 
3.7. 

Proof. At each t £ [0,T max ), let x(t) £ St and y(t) £ St be the furtherest and closest points 
from S, i.e., 

u ma , x (t) = m&xu(x,t) = u(x(t),t), 

Mmin(t) = mmu(y,t) = u(y(t),t). 
y&S 

Since 0(x, t) > for all (x, t) G S x [0, T max ), together with (]3.9|) . one can see that the part 
of St with H > h moves along the negative direction of n and the part of St with H < h 
moves along the positive direction of n. Therefore we can assume that u mSuX (t) is increasing 
and it m in(t) is decreasing. 
As t -> 

Tmaxi we have the following five cases: 

(i) u min (t) -)■ - oo and n max (t) ->• - oo; 

(ii) u min (i) -)■ + oo and n max (t) -> + oo; 

(iii) u min (i) -)■ - oo and n max (t) ->■ + oo; 

(iv) ii m i n (t) is bounded, but u max (£) — > + oo; 

(v) U min (t) — > — oo, but n max (t) is bounded. 

Case (i) and (ii) could not happen, since the flow is volume preserving. 
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For Case (iii), since = {n,v) = 1 at F(x(t),t), we have 

h-H=^>0. 
dt ~ 

Since {5(r)} rS R is a foliation on M, there are two fibers S(r\) and Sfa) with r\ < T2 such 
that they are tangent to the surface St- By Hopf's maximum principle (see Lemma 2.3), 
we have 

hit) > H(x(t),t) > min H, 

S(r 2 ) 



Similarly, at the point F(y(t),t), we have 

h(t) < H(y(t),t) < maxH. 

S(ri) 

Thererfore, we have the inequality 

(3.11) min H < hit) < maxH. 

S(r 2 ) S(n) 

If 

u min{t) — t" — oo and u max (i) — )> + oo, then we would get 2 < —2, a contradiction. 
Similarly, Case (iv) and Case (v) could not happen. □ 

This lemma bounds the evolving surfaces St(x,r) by two parallel surfaces S(rx) and 
Sfa), whose various curvatures can be explicitly calculated. We will refine this estimate 
later for further applications. 

The proof of this lemma also implies: 

Corollary 3.6. For large enough t G [0,T max ) ; the average mean curvature of St satisfies 
h(t) £ (-2,2). 

3.3. Long Time Extistence. With Lemma 3.5, we can bound derivatives of the square 
norm of the second fundamental form At(x), which will in turn prove the long-time existence 
for |}TT|) : 

Theorem 3.7. The volume preserving mean curvature flow (jl.ip has a long time solution, 
i.e., T max = +oo. Moreover, each evolving surface St is a graph over the reference surface 
S, hence embedded in M . 

Proof. Our strategy is to prove by contradiction. If T max < +oo, then we show the flow can 
be extended beyond the first singular time. 

The induced metric on St can be written in terms of the height function u(-,t) and its 
derivatives, so the differential equation 

. — = Au - div(W) + hQ 

(3.12) { dt y ' 

it(0) = r , 

is a quasi-linear parabolic equation. 

By Lemma3.5 u(-,t) is uniformly bounded for all t £ [0,T max ). We write 

Qmin(t) = min9(x,t) . 

xes 
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By |Bar84|, IEH91j . we have the estimates: 

\n(H)\ < d(Q 3 + Q 2 \A\) 
\(V,n,u)\<C 2 e 2 , 

where C\ and C 2 are positive constants depending only on the initial surface and the 
maximal time T max . 

From Corollary 3.6, \h(t)\ < 2 and 0(-,O) = 1, we have the following: 

j t e min > (\a\ 2 - 2)e min - cMe mm + |^|e min ) - c 2 (2 + \H\)o 2 min . 

Since |j4| 2 > H 2 /2 and |0| < 1, we have the following estimate: 

j t e min > ((|A| 2 - 2) - d(l + \A\) - C 2 (2 + y/2\A\j) G min 
= (|^| 2 - (d + C 2 V2)\A\ - (2 + Ci + 20,)) 9 min 

> -^ (Cl + ^ )2 +2 + c 1 + 2C^ e min . 

Since m in(O) = 1 by assumption, we have 

6min(*) > exp(-C 3 t) , t G [0,T max ) , 

where C3 is given by 

C3= (Cl + c 2 ^ +2 + Ci + 2C2 

This implies that the gradient function is uniformly bounded from below by a constant 

6 = exp(-C 3 T max ) > . 

Therefore evolving surfaces remain as graphs over the reference surface S along the flow 
(II. ID . Moreover, since e = 1/^/1 + \Vu\ 2 ([HuHS]), we know that |Vn| is uniformly 
bounded from above by a constant depending only on the initial data and the maximal 
time T max . 

Since the equation (|3,12p is quasi- linear parabolic, the standard regularity results in 
quasilinear second order parabolic equations ([L SU671 ILie96| ) state that 

\V e u\ < Kt < 00, 

for all i = 1,2,..., where {Ki}fL 1 is the collection of constants depending only on £, the 
initial data and the maximal time T max . In particular, |V@| 2 < C4 < 00, where C4 is a 
constant depending again only on the initial data and the maximal time T max . 

The evolution equation (13.6P for \A\ 2 is very complicated, not suitable for direct calcula- 
tion. To absorb positive terms from the right handside of (|3.6p . for some small a > 0, we 



GEOMETRIC EVOLUTION EQUATIONS AND FOLIATIONS 



13 



define f a = \ A\ /Q +a and calculate as follows: 

(l + t7 )(2 + g)|A| 2 2 

Q4+a l VU l 



(3.13) 



+ 



Q2+* 



- a\A\ 2 (\A\ 2 - 2) - 2h Tr A 3 + 8\A\ 2 * 
+ 2#(/i - 2fT) - (2 + ^ 12 ra(iT) 



If we assume | ^4. ( - , i ) | 2 is not uniformly bounded, then |^4.| max (-, i) - > co as t — > T, which 
forces fcr max {-,t) — > oo as t — > T. Since —crC 2+a f 2 dominates the evolution equation (|3.13p . 
we obtain that f a satisfies the inequality 



^ — CJ( - y 4 Ja max i 



for some positive constant C4. Therefore, f a is uniformly bounded. This contradiction 
shows |^4(-,t)| 2 is uniformly bounded. 

We can then proceed as the Theorem 4.1 in [Hui87bJ to obtain uniform bounds for the 
derivatives | V m j4| 2 , for all m > 1. 

If T 

— ^max < 00 ) the limit 

StW = hm S't(r) 

is well defined because of Lemma 3.5, while uniform bounds on the square norm of the second 
fundamental form and its derivatives imply that <Sr(r) is a smooth surface ([Ham82j). 
Therefore we can consider a new volume preserving mean curvature flow with new initial 
surface St(t), and it is standard (see for instance Chapter 6 of [CK04] ) that this new 
flow has a short-time solution, which contradicts the assumption that T is maximal. This 
implies T max = 00, long-time existence of the solution. □ 

Theorem 3.7 implies the parts (i) and (ii) of the Theorem 1.2. 

3.4. Limiting Behavior. In this subsection, we investigate the limiting behavior of the 
flow, and obtain a limiting surface of constant mean curvature applying the theorem of 
Ascoli-Azela. Part (hi) of the Theorem 1.2 is an implication of the following more technical 
theorem: 

Theorem 3.8. The mean curvatures of St approach the average mean curvature: 

(3.14) sup \H(-,t)-h(t)\ =0. 

t— >oo 

Proof. By Lemma 3.5, surfaces {St} are bounded in a compact region, hence the area \St\ 
is uniformly bounded in t. It is easy to see that the area of St is decreasing along the flow: 

(3.15) Jt lStl = ~ [ 
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Therefore the integral 
(3.16) / / (H - h(t)) 2 dfidt < \S(Q)\ <oo, 



and we find that the integral J s (H — h(t)) 2 d/j, is uniformly bounded. 

We use the identity J s (H(-,t) — h(t))dfi = 0, and (I3.5p . to compute the t— derivative of 
above integral: 

'' [ (H-h(t)) 2 dfi = [ 2{H -h)(H t -h t )- H(H -hfdn 

JSt JSt 



h) 3 dfi. 



dt 

(3.17) = f -2\VH\ 2 + 2(H -h) 2 (\A\ 2 -2)dfi + [ —H(H 

J St JSt 

The absolute value is easily seen to be bounded from above by the uniform bounds for 
|^4(-,t)| 2 , H(-,t) as well as their derivatives, and the uniform bound for f St (H — h{i)) 2 dii. 
Therefore we have 

lim / (H — h(t)) 2 dfj, = 0. 
J s t 

So we obtain the L 2 estimate: 

SUp \\H(;t)-h(t)\\ L 2=0. 

This L 2 -estimate in conjunction with uniform bound on | V(H — h(t))\ allow us to apply the 
standard interpolation argument to show the L°° bound, i.e., (|3. 14[) . □ 

Proof, (of (iii) of Theorem 1.2) Now we can denote 

(3.18) Soo(r) = lim S t (r) 

t — ^oo 

as a limiting surface of the flow. It is well defined since {5*i}o<t<oo are contained in a 
bounded domain of M (Lemma 3.5), and uniform bounds on |j4(-,t)| 2 , H(-,t) and their 
derivatives enable us to apply us to apply the Theorem of Ascoli-Azela to obtain a sub- 
sequence of evolving surfaces which converges smoothly to a limiting surface. Therefore 
<Soo(r) is a smooth surface. This also implies that |Vu| must be bounded as t — > oo, so 
must have a positive lower bound as t — > oo. This means that Sqq (r) is a graph over the 
reference surface S. 

The limiting surface Soo(r) is of constant mean curvature by the Theorem 3.8. The 
constant is clearly a function of r. □ 

We call a CMC surface £ is strictly stable if the stability operator on S 

(3.19) L = —A — (\A\ 2 — 2) 

has only strictly positive eigenvalues when restricted to the space of functions 4> with 
J E 4>dn = 0. 

Proposition 3.9. // any limiting surface S^r) is strictly stable, then the convergence of 
the flow (II. ip with initial surface S(r) is exponential and Soo(r) is the only limiting surface. 
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Proof. Let Aoo be the lowest eigenvalue of the stability operator L on the surface S^, and 
it is positive by our assumption. 

Let At be the lowest eigenvalue of the stability operator on the evolving surface St, and 
by Theorem 3.8, when t is large enough such that for any e we have both 

I A* — Aqo | < e 

and 

sup\H(H -h)\ < e. 

s t 

Then we proceed from (|3.17p to find 

^ / (H-h(t)) 2 dfi< -(2AOO-36) / (H-h(t)) 2 df,, 
dt J St J St 

which implies the exponential convergence, and unique limit. □ 

The unique limit is a consequence of the assumption on the stability of the surface. 
Therefore this proposition is about the behavior of the convergence. We do expect all 
limiting surfaces, for r£l, are strictly stable. 

4. Mean Curvature Estimates 

In this section, we prove the part (iv) of the Theorem 1.2. These mean curvature estimates 
are considered applications of our method, and most of them will be quite difficult to 
generalize to higher dimensions. 

4.1. First Estimate. CMC surfaces (including minimal surfaces) are classical topics in 
differential geometry. In hyperbolic geometry, it is a consequence of Gauss-Bonnet theorem 
and Schwarz inequality that if £ be a closed CMC surface of genus g > 2 and mean curvature 
c in a hyperbolic manifold N, then (1 — < 2it(2g — 2). In our setting of M being 

nearly almost Fuchsian, we have a rough estimate |c| < 2. 

In our setting, we show the following which is essentially the part (iv) of Theorem 1.2: 

Theorem 4.1. If M is nearly almost Fuchsian, i.e., M contains an incompressible surface 
S with principal curvatures in the range (—1,1), and {S*(r)} re ]g is the equidistant foliation 
with S(r) hyperbolic distance r from the reference surface S = S(0). Let 5oo(r) be a limiting 
surface of the equation (jl.lh with S(r) as the initial surface, and its constant mean curvature 
is c(r), then 

-2 < -2| tanh(r - 0)\ < c(r) < 2| tanh(r + (3)\ < 2, 
for some constant (5 only depending on the reference surface S. 

Proof. We re-visit part of the proof of Lemma 3.5. We assume r > 0, and choose the 
reference surface S(0) far enough such that when St is being tangent by parallel surfaces 
S(ri) and Sfo), we have r < r\ < ri- This is made possible since {S , (r)} r . g K is the 
equidistant foliation of M, and the flow (II. lj) is volume preserving. 

By the maximum principle (Lemma 2.3), we have, at the point p2 of the intersection, 

h(t)>H(S(r 2 ), P2 ), 
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where H(S(r 2 ),p 2 ) can be explicitly computed according to ()3 . 2|) : 
(4.1) h(t) > H(S(r 2 ),p 2 ) = ta°h(r 2 ) + A 1 (p 2 ) + tanh(r 2 ) + X 2 ( P2 ) 



1 + Ai (p 2 ) tanh(r 2 ) 1 + A 2 (p 2 ) tanh(r 2 ) ' 
where Ai and A 2 are principal curvatures of the reference surface S. 
Since S is closed, there is a positive constant 

(4.2) a = max{\\j(x)\ : j = 1, 2, x G S 1 }. 

And since S has small curvaturess by assumption, we have < a < 1. We define 

(4.3) p = tanh -1 (a). 

Clearly, this is a positive constant, only depending on S. 

It is easy to verify that the function /(x,r) = j^temh^r) * s mcreasrn g with respect to 
x G (—1,1) or r G M, fixing the other variable. Therefore, 

(4.4) fc(t) > H(S(r 2 ),p 2 ) > 2 tanh ( r 2) -» = 2t anh(r 2 - 0) > 2tanh(r - p). 

1 — atanh(r 2 J 

Similarly, since S(ri) is tangent to St from the other side, at the point pi, we have 

(4.5) h(t)<H(S(r 1 ),p{)<2 tanh ( ri ) + a = 2tanh(n + P) < 2tanh(r + p). 

1 + atanh(ri) 

□ 

4.2. Close to Infinities. In this subsection, we consider these volume preserving mean 
curvature flow all at once: in space direction, we have r G R, while in time direction, we have 
t G [0,oo). Note that at time t = 0, we have the equidistant foliation {So(r) = 5(r)} rG R. 
We provide a finer estimate on the height function u(-,t), especially for r — > 00. 

Theorem 4.2. If the height function for the r-th volume preserving mean curvature flow 
is given by u(-,t,r), then there is a positive constant ft, only depending on S such that 

(4.6) r-2/3 < u(-,t,r) < r + 2/3, 

Proof We use notations from the proof of Theorem 4.1. Constants a and (3 are given as in 
formulas f|4.2j) and (|4.3|) . and parallel surfaces S(r\) and S(r 2 ) are tangent to the evolving 
surface St, with r\ < r 2 . With this set-up, we see that r\ < r < r 2 since the flow is volume 
preserving. Moreover, we have 

max5 t (u(-, t, r)) = r 2 and vaxns t (u(-,t, r)) =r\. 

Now we apply inequalities (14.41) and (I4.5P to find that 

tanh(r 2 — /3) < tanh(ri + (5), 

which implies r 2 — n < 2/3 and hence fj4.6|) . □ 

Therefore, as r — > 00, the height function as goes to infinity. Combining with estimates 
in ([P]) and ([43]) . we have 

Corollary 4.3. There are closed, incompressible, embedded CMC surfaces arbitrarily close 
to both conformal infinities, with mean curvatures arbitrarily close to ±2. 
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In the opposite direction, we, in [HW10J, for any constant c in (—2,2), can construct a 
closed, embedded incompressible surface of constant mean curvature equal to c. 
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